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Abstract. Let k be a quadratic field. We give an explicit formula for the Dirichlet series ~^2 K |Disc(A") | " 
where the sum is over isomorphism classes of all cubic fields whose quadratic resolvent field is iso- 
morphic to k. 

Our work is a sequel to [9] (see also [13]), where such formulas are proved in a more general 
setting, in terms of sums over characters of certain groups related to ray class groups. In the present 
paper we carry the analysis further and prove explicit formulas for these Dirichlet series over Q. 
In a companion paper we do the same for quartic fields having a given cubic resolvent. 



1. Introduction 



A classical problem in algebraic number theory is that of enumerating number fields by discrim- 
inant. Let Ni (X) denote the number of isomorphism classes of number fields K with deg(K ) = d 
and < ±Disc(iv") < X. The quantity Nf(X) has seen a great deal of study; see (for example) 
[SI [5j [19] for surveys of classical and more recent work. 

It is widely believed that N^(X) = C^X + o(X) for all d > 2. For d = 2 this is classical, and the 
case d = 3 was proved in 1971 work of Davenport and Heilbronn [IT]. The cases d = 4 and d = 5 
were proved much more recently by Bhargava [6]. In addition, Bhargava in [1] also conjectured 
a value of the constants C^ s for d > 5, where the additional index Sd means that one counts only 
degree d number fields with Galois group of the Galois closure isomorphic to Sd- 

Related questions have also seen recent attention. For example, Belabas [2] developed and 
implemented a fast algorithm to compute large tables of cubic fields, which has proved essential 
for subsequent numerical computations. Based on Belabas's data, Roberts [16] conjectured the 
existence of a secondary term of order X 5 / 6 in N^(X) and this was proved (independently, and 
using different methods) by Bhargava, Shankar, and Tsimerman [TJ, and by Taniguchi and the 
second author |17j . Further details and references can be found in the survey papers above. 

In the present paper we study cubic fields from a different angle. In 1954 Cohn |10j studied 
cyclic cubic fields and proved that 

£ Di^cW=-^ + K 1+ ^) n 

K cyclic y ' v P=l (mod 6) V y 

To formulate a related question for noncyclic fields, fix a fundamental discriminant D. Given a 
noncyclic cubic field K, its Galois closure K has Galois group S3 and hence contains a unique 
quadratic subfield k, called the quadratic resolvent. For a fixed D, let J : (Q(VD)) be the set of 
all cubic fields K whose quadratic resolvent field is Q(V r D)- For any K E J 7 (Q(\/D)) we have 
D\sc(K ) = Df(K) 2 for some positive integer f(K), and we define 

(1.2) <S> D (s):= l -+ £ ' 



2 ^ f(K¥ 
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where the constant 1/2 is added to simplify the final formulas. 

Motivated by Cohn's formula (11. ip . we may ask if &d(s) can be given an explicit form. 

The answer is yes, as was essentially shown by A. Morra and the first author in [9], using Kum- 
mer theory. They proved a very general formula enumerating relative cubic extensions of any base 
field. However, this formula is rather complicated, and it is not in a form which is immediately 
conducive to applications. In the present paper, we will show that this formula can be put in such 
a form when the base field is Q; our formula (Theorem 12.5ft is similar to (jl.ip but involves one 
additional Euler product for each cubic field of discriminant —D/3, —3D, or —27D. 

Outline of the paper. In Section [2] we introduce our notation and give the main results. In 
Section [3] we summarize the work of Morra and the first author [9] , and prove several propositions 
which will be needed for the proof of the main result. Our work relies heavily on work of Ohno |15j 
and Nakagawa [2], establishing an identity for binary cubic forms. In the same section, we give a 
result (Proposition I3.9| ) which controls the splitting type of the prime 3 in certain cubic extensions, 
and illustrates an application of Theorem 12.51 Finally, in Section [5] we prove Theorem 12.51 using 
the main theorem of [9], recalled as Theorem 13.21 as a starting point. In Section [5] we conclude by 
giving some numerical examples which were helpful in double-checking our results. 

Acknowledgments 

The authors would like to thank Karim Belabas, Franz Lemmermeyer, Guillermo Mantilla-Soler, 
and Simon Rubinstein-Salzedo, among many others, for helpful discussions related to the topic of 
this paper. 

2. Statement of Results 

We begin by introducing some notation. In what follows, by abuse of language we use the term 
"cubic field" to mean "isomorphism class of cubic number fields" . 

Definition 2.1. Let E be a cubic field. For a prime number p we set 

{—1 if p is inert in E , 
2 if p is totally split in E , 
otherwise. 

Remarks 2.2. 

(1) We have cue(p) = x(°p)i where % ls the character of the standard representation of S3, and 
dp is the Frobenius element of E at p. 

(2) Note that we have ue(p) = if an d only if ( DlbC ^ ) 7^ 1, and since in all cases that we will 
use we have Disc(-E) = —D/3, —3D, or —27D for some fundamental discriminant D, for 
p 7^ 3 this is true if and only if (— |^) 7^ 1- Thus, in Euler products involving the quantities 

1 + oje(p)/p s we can either include all p ^ 3, or restrict to (— — ) = 1. 
Definition 2.3. 

(1) Let D be a fundamental discriminant (including 1). We let D* be the discriminant of the 
mirror field Q(^3D), so that D* = -3D if 3 \ D and D* = -D/3 if 3\D. 

(2) For any fundamental discriminant D we denote by rk3(D) the 3-rank of the class group of 
the field Q(VD). 
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(3) For any integer N we let Cn be the set of cubic fields of discriminant N. We will use the 
notation Cn only for N = D* or N = —27D, with D a fundamental discriminant. 

(4) If K2 = Q(y/~D) with D fundamental we denote by J-(K.2) the set of cubic fields with 
resolvent field equal to K2, or equivalently, with discriminant of the form Df 2 . 

(5) With a slight abuse of notation, we let 

£3(^2) = C 3 (D) = C D * U £_ 27D . 

Remark. Scholz's theorem tells us that for D < we have < rk3(D) — tIl^^D*) < 1 (or equivalently 
that for D > we have < rk3(D*)— r^(D) < 1), and gives also a necessary and sufficient condition 
for rk^D) = rk3(D*) in terms of the fundamental unit of the real field. 

Definition 2.4. As in the introduction, for any fundamental discriminant D we define the Dirichlet 
series 

Our main theorem is as follows: 
Theorem 2.5. For any fundamental discriminant D we have 

M c D * D (s)= i ~m 1 (s) n e n (1+^). 

(^)=i V 7 ^(D) (-|S)=i V ^ 7 

where cd = 1 if D = 1 or D < —3, cd = 3 if D = —3 or D > 1, and the 3 -Euler factors M\{s) 
and M 2 £?(s) are gu>en m i/ie following table. 



Condition on D 


Mi (a) 


M 2)jB (s), E E £ * 


Af 2 , B (a), £ E £_27D 


3f I? 


l + 2/3 M 


1 + 2/3 zs 


1 - 1/3 ZS 


L> = 3 (mod 9) 


1 + 2/3 5 


1 + 2/3 5 


1 - 1/3 S 


D = 6 (mod 9) 


l + 2/3 s + 6/3^ s 


1 + 2/3 s + 3^(3)/3^ 


1 - 1/3 S 



Remarks 2.6. 

(1) When D = 3 (mod 9) we have D* = 2 (mod 3), so 3 is partially split in any cubic field of 
discriminant D* . It follows that when E E C D * we have M 2 ,e(s) = 1 + 2/3 s + 3o;£;(3)/3 2s 
for all D such that 3 | D. 

(2) When 3 \ D there are no terms for 1/3 S , in accordance with Proposition 13.81 below. 

(3) In the terms involving E G Cd* the condition (— |^) = 1 can be replaced by p ^ 3 and even 
omitted altogether if 3 \ D, and in the terms involving E £ it can be omitted. 

(4) The case D = 1 is the formula (jl.ip of Cohn mentioned previously, and the case D = —3 
was proved by Morra and the first author [9]. The paper [9] also proves (|2.2j) when D < 
and 3 \ h(D), in which case C^{D) = 0. In her thesis [13], Morra also proves some special 
cases of an analogue of (12. 2|) for cubic extensions of imaginary quadratic fields. Finally, one 
additional case of (12. 2p was proved in [18], with an application to Shintani zeta functions. 
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3. Preliminaries 

We briefly summarize the work of [9], and introduce some further notation which will be needed 
in the proof. We assume from now on that D/l, —3; these cases are similar but simpler, and are 
already handled in [9], [13] (and the case D = 1 in [TO]). 

Suppose that K/Q is a cubic field of discriminant Dn 2 , where D G" {1,-3} is a fundamental 
discriminant, and let N be the Galois closure of K. Then iV(y — 3) is a cyclic cubic extension of 
L := Q(V^D, V~ 3), and Kummer theory implies that N(\/—3) = L(q 1 / 3 ) for some a G L. We 
write (following [9, Remark 2.2]) 

(3.1) Gal(L/Q) = {1, r, r 2 , rr 2 }, 

where r, t 2 , tt 2 fix v^D, \/— 3, y/—3D respectively. 

The starting point of [9] is a correspondence between such fields K and such elements a. In 
particular, isomorphism classes of such K are in bijection with equivalence classes of elements 
1 7^ a G L X /(L X ) 3 , with a identified with its inverse, such that ar'(a) € (£ x ) 3 for t' G {t, t 2 }. 
We express this by writing (as in J9J Definition 2.3]) a G (L X /(L X ) 3 )[T], where T C F 3 [Gal(L/Q)] 
is defined by T = {t + 1, r 2 + 1}, and the notation [T] means that a is annihilated by T. 

To go further, we introduce the following definition: 

Definition 3.1. Let A; be a number field and I be a prime. 

(1) We say that an element a G k* is an ^-virtual unit if = q^ for some ideal q of A;, or 
equivalently, if v p (a) = (mod £) for all prime ideals p, and we denote by V((k) the group 
of ^-virtual units. 

(2) We define the ^-Selmer group S t (k) of k as S e (k) = V e (k)/k* 1 . 

Using this definition, it is immediate to see that the bijection described above induces a bijection 
between fields K as above, and triples (ao,ai,u) (up to equivalence with the triple (ai, ao, 1/u)), 
satisfying the following: 

(1) ao and ai are coprime integral squarefree ideals of L such that dodf G (I/I 3 )[T] (where / is 
the group of fractional ideals of L), and aoa^ G C1(L) 3 . 

(2) u G S 3 (L)[T], and u ^ 1 if a = a x = Z L . 

Indeed, given a such that N(y/— 3) = L(a 1 ^ 3 ), we can write uniquely a = aoafq 3 with ao and 
ai coprime integral squarefree ideals, and since a G (L X /(L X ) 3 )[T] and the ideal class of aoaf is 
equal to that of q -3 , the conditions on the ideals are satisfied. Conversely, given a triple as above, 
we write aoafq 3 , = ao^L for some ao G (L* / (L*) 3 )[T] and some ideal qo- Then K is the cubic 
subextension of L(^/oqu), for any lift u of u. 

It is easy to see that aoai = a a Z^ for some ideal a a of Q(V^D), and the conductor f (K (y/D) / Q(\^D)) 
is equal to a a apart from a complicated 3-adic factor. Furthermore, f(K(\/T))/Q(\fD)) = f {K^^^y 
and the Dirichlet series for &d(s) consists of a sum involving the norms of ideals ao and ai satisfying 
the conditions above. The condition aoa^ G C1(L) 3 may be detected by summing over characters of 
C1(L)/C1(L) 3 , suggesting that cubic fields K can be counted in terms of unramified abelian cubic 
extensions of L. 

Due to the 3-adic complications, the formula (Theorem 6.1 of [9]) in fact involves a sum over 
characters of the group 



(3.2) 
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for b E B := {(1), (\/—3), (3), (3\/— 3)}. More precisely, in the case considered here where the base 
field is Q, Theorem 6.1 of [9] specializes to the following (see also [13] 1*1: 

Theorem 3.2. If D g {1,-3} we have 

4 2> b oo E ux(?m*,x,s) , 



<S>d(s) 



2c D 



beB 



where cjj = 1 if D < 0, cd = 3 if D > 0, the At,(s) are given by the following table, 



Condition on D 


4(1)00 


A (V=S) ( s ) 


4(3) (*) 


^ (3v ^3)(s) 









_ 3 -a--i 


1/3 


D = 3 (mod 9) 





3 -3s/2 


3 - a _ 3 -3s/2 


(1 - 3- s )/3 


D = 6 (mod 9) 


3-2, 


3~3s/2 


3 -s _ 3 -3s/2 


(l-3- s )/3 



F(b, X ,s) 



n 



i+ 



w x(p) 



pb 



where if we write p\ 



and for p = 3: 



jL = cr(c) (wi/i c not necessarily prime), we se^forp ^ 3: 
'2 



*/x(r(c)/c) = l 
</x(r(c)/c)^l 



w x (3) 



-1 



i/b ^ (1) or b = (1) and3fL> , 
i/b = (l), 3 I A ond x(r(c)/c) = 1 , 
i/b = (l), 3 I A and x(r(c)/c) 7^ 1 . 



Proof. We briefly explain how this follows from Theorem 6.1 of [9]. Warning: in the present proof we 
use the notation of [9j which conflicts somewhat with that of the present paper. All the definition, 
proposition, and theorem numbers are those of [9]. 

• We have k = Q so [k : Q] = 1, so 3( 3 / 2 )[ fc: * = 3 3s / 2 . 

• By Definition 3.6 we have T 3 = {3} if 3 \ D and if 3 | D, so U p gv 3 P s/2 = 3 * /2 if 3 t D 
and 1 if 3 | D. 

• We have k z = Q(v /Z 3), K 2 = Q(VD), and L = QiV^, VB), so by Lemma 5.4 we have 
|(C7/C/ 3 )[T]| = 3 r ^ with r(U) = 2 + — 1 — <5d>o, where 5 is the Kronecker symbol, hence 
3 r (U) = 3/ cd with the notation of our theorem. 

• By Definition 4.4, if 3 \ D we have \N{b)~\ = (1,*,3,3 2 ) while if 3 | D we have \Af(b)] = 
(1, 3 1 / 2 , 3, 3 3 / 2 ) for b = ({1) , (^/^3) , (3) , {3^/^3)) respectively. Note that we use the con- 
vention of Definition 4.1, so that [AA(b)] can be the square root of an integer. 

• By Definition 4.4 we have J\f(x e (b)) = 1 unless b = (1) and 3 | D, in which case A/"(r e (b)) = 
3 1 / 2 (where we again use the convention of Definition 4.1). 

• By Proposition 2.10 we have P3 = (hence D3 = 1) unless D = 6 (mod 9), in which case 
2?3 = {3} (hence 1)3 = 3), and for p / 3 we have p G T> if and only if (— = 1. In 
particular r e (b) f if and only if b = (1) and D = 3 (mod 9). 



*Note that we slightly changed the definition of F(b, x, s ) given in [9] when b = (1) and 3 | D. 

2 Note that this fixes a small mistake in the statement of Theorem 6.1 of [9], where the condition is described as 
x(c) = x( T 'i c ))- The conditions are equivalent whenever p is a cube modulo b; if & = (3y/— 3) and p ^ ±1 (mod 9), 
then p and pr'(p) are not cubes in Clb(L) for r' G {r, T2}, and so the class of p is not in Gb- 
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• By Definition 4.5, if 3 \ D we have Pb(s) = (1, *, — 3 s , 1) while if 3 | D we have P b (s) = 
(l,3" s / 2 ,3- s / 2 - 3~ s , 1 - 3~ s ) for b = ((1), (V=3), (3), (3-\/=3)) respective^. 

• By Lemma 5.6, if 3 fZ? we have \(Z b /zf)[T]\ = (1,*,3,3) while if 3 | D we have | (Z b /Z^)[T] \ = 
(1, 1, 1,3) for b = ((1), (V^3), (3), (3-/=3)) respectively. 

(In the above we put * whenever 3 { D and b = (v— 3) since this case is impossible.) 

The theorem now follows immediately from Theorem 6.1 of [SJ. □ 

For future reference, note the following lemma whose trivial proof is left to the reader: 

Lemma 3.3. Let x be a cubic character, and as above write pL^ = cr(c). The following conditions 
are equivalent: 

(1) X (r(c)/c) = 1. 

(2) u x {p) = 2. 

(3) x (pc) = 1. 

If these conditions are not satisfied we have co x (p) = —1. 

To proceed further, we need to compute the size of the groups G b and to reinterpret the conditions 
involving \ as conditions involving the cubic field associated to each pair (x,x)- 

In what follows we write 
, s CUD*) r , , CUD) r 

where r and r' are the nontrivial elements of Gal(Q(V D*)/Q) and Gal(Q(\/D)/Q) respectively, 
and Cl (iV) is shorthand for Cl a (Q(-//V)). This r is the restriction of r G Gal(L/Q) (see (jBTTD ) to 
Q(V D*), and we regard r as an automorphism of both L and of Q(V D*) (and r' is the restriction 
of T2, but we prefer calling it r'). 

Proposition 3.4. VKe /iawe 

(3.4) G b ~H (a) , 
where 

• a = 1 if b = (1) or (V^), or ifb = (3) and 3|D; 

• a = 3 i/ b = (3) or (3a/^3), and 3 f D; 

• a = 9 if b = (3y/—3) and 3\D. 

Remarks 3.5. 

(1) Later we will associate a cubic field of discriminant —D/3, —3D, or —27D to each pair of 
conjugate nontrivial characters of G b . Propositions 13.4 1 and 13.61 will show that we obtain all 
such fields in this manner. 

(2) Propositions I3.4 | 13.61 and 13.81 imply equalities among |l?>3n)| for different values of n. In 
particular, |iJ( 3n \| = |J?Vg)| for n > 2, and if 3\D then |-ff(3)| = \H(i)\ as well. 

Proof. For b = (1), G b is just (C1(L)/C1(L) 3 ) \T\. This case may be handled with the others, but 
for clarity we describe it first. 

By arguments familiar in the proof of the Scholz reflection principle (see, e.g. [20], p. 191) we 
have 

(3.5) C1(L)/C1(L) 3 ~ C1(D)/C1(L>) 3 C1(D*)/C1(D*) 3 



3 Note that there is a misprint in Definition 4.5 of [S|: when e(p z /p) = 1 and b — 0, we must set Q((pZK 2 ) b , s ) 
and not 0. The vanishing of certain terms in the final sum comes from the condition r e (b) | O3 of the theorem. 
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as Gal(L/Q)-modules. Since r acts trivially on Q{\/D) we have (C1(L>)/C1(L») 3 )[1 + r] = 1 hence 
(Cl(D)/Cl{D) 3 )[T] = 1, and since r 2 acts nontrivially on C1(D*)/C1(D*) 3 , 1 + t 2 acts as the norm, 
which annihilates the class group, so (Cl{D*)/C\{D*) 3 )[T] = Cl(D*)/Cl{D*f[l + r], so finally 

(3.6) (C1(L)/C1(L) 3 ) [T] = Cl(D*)/Cl(D*f[l + r] = H {1) , 

as desired (note that since r also acts nontrivially we have in fact Cl(D*)/Cl(D*) 3 [l + r] = 
C1(L»*)/C1(L»*) 3 ). 

Now suppose that b is equal to (y/— 3), (3), or (3\/— 3). As r and t 2 both act nontrivially on Gf,, 
rr 2 acts trivially. Moreover (1 + rr 2 )/2 £ F3[Gal(L/Q)] is an idempotent, so the elements of G^ 
are those that may be represented by an ideal of the form orr 2 (a), which is necessarily of the form 
a'Zp for an ideal a' of Q(V D*). When b = (1) this yields an isomorphism — > ^(1)> following 
(|3.5p . When b ^ (1), this yields an isomorphism G(, — )• i^ Q ', where a! := b n Z^^/^. In this case 
the (1 + r)-invariance is no longer automatic. 

For convenience we write F := Q(\/D*) in the remainder of the proof. The ideal b D Zp is 
simple to determine. If 3\D, then 3 is unramified in F, and so b D Zp is equal to (1), (3), (3), (9) 
for b = (1), (y/— 3), (3), (3V— 3) respectively, as desired. Moreover, in this case Propositions 13.61 
and 13.81 below imply that ~ Hru (there are no cubic fields whose discriminants have 3-adic 
valuation 2). 

If 3 \ D, then write (3) = p 2 in Z F , and for b = (1), (\/^3), (3), {3^/^3), b n Z F is equal to (1), 
p, (3), 3p respectively. We write down the ray class group exact sequence 

(3.7) 1 -»• Z F /Z F -»• (Z F /a') x -»• Cl a /(F) -> C1(F) -»• 1, 

where is the subgroup of units congruent to 1 modulo a'. We take 3-Sylow subgroups and take 
negative eigenspaces for the action of r (i.e., write each 3-Sylow subgroup A as A + © A~ , where 
A := {x G A : t(x) = x^ 1 }, and take A~); these operations preserve exactness. If A is the 
3-Sylow subgroup of Cl a /(F), then H a > is isomorphic to (A/A 3 )~ ~ A~ /(A~) 3 . 

For b = (1) or (3), this finishes the proof. For b = {y/— 3), the 3-part of (Zp/p) x is trivial; hence, 
the 3-Sylow subgroups of Cl(F) and Cl p (F) are isomorphic, so H v ~ H^y 

For b = (3V— 3), the 3-Sylow subgroup of (Zp/p 3 ) x is larger than that of (Zp/3) x by a factor 
of 3; however, the same is true of the positive eigenspace and hence not of the negative eigenspace. 
Therefore H p 3 ~ H(3)- 

□ 

We now state a well-known formula for counting cubic fields in terms of ray class groups. 

Proposition 3.6. If D is a fundamental discriminant other than 1, c is any nonzero integer, and 
H' a is defined as in (|3.3p . then we have 

(3-8) £|£^| = i(|tf ( ' c) |-l). 

d\c 

Proof. This is a combination of (1.3) and Lemma 1.10 of Nakagawa [14] . and it is also a fairly 
standard fact from class field theory. The idea is that cubic extensions of Q(V D*) whose conductor 
divides (c) correspond to subgroups of Ch c ) (D*) of index 3, and that such a cubic extension descends 
to a cubic extension of Q if and only if it is in the kernel of 1 + r. □ 

We also have the following counting result, which relies on the deeper part of the work of 
Nakagawa [13] and Ohno |15j . 
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Proposition 3.7. Let D be a fundamental discriminant, and set r 
(1.) Assume that D < —3. Then we have 



vk 3 (D*). 



(|£D*U£-270|) = { 




r + 1 



r. 




r — 1 



r. 



In either case, \C 3 {D)\ = (3^s(d)+i _ iy 2 . 

Proof. The formulas for | Cd* | follow from class field theory, as these count unramified cyclic cubic 
extensions of Q(\/—3D), which are in bijection with subgroups of Cl(— 3-D) of index 3. It therefore 
suffices to prove the stated formulas for |£ 3 (Z))|, and these follow from work of Nakagawa |14| . 
Recalling the notation in (|3.3p . Nakagawa proved |144 Theorem 0.4] that if D < 0, then 



Proposition 3.8. If K is a cubic field then t> 3 (Disc(-?T)) can only be equal to 0, 1, 3, 4, and 5 
in relative proportions 81/117, 27/117, 6/117, 2/117, and 1/117, when the fields are ordered by 
increasing absolute value of their discriminant. 

Proof. The proof that v 3 (Disc(K)) can take only the given values is classical; see Hasse [12]. The 
proportions follow from the proof of the Davenport-Heilbronn theorem. A convenient reference is 
Section 6.2 of |17j . where a table of these proportions is given in the context of "local specifications" ; 
these proportions also appear (in slightly less explicit form) in the earlier related literature. □ 

Before proceeding to the proof of Theorem 12.51 we give the following application: 

Proposition 3.9. 



(1) If D < and (rk 3 (£>), rk 3 (L>*)) = (2,1), or D > and (rk 3 (L>), vk 3 (D*)) = (1,1) there 



exist a unique cubic field of discriminant D* and three cubic fields of discriminant —27D. 



(2) If D < and (rk 3 (D), rk 3 (£>*)) = (2,2), or D > and (rk 3 (£>), rk 3 (L>*)) = (1,2) there 



exist four cubic fields of discriminant D* and no cubic field of discriminant —27D. 

In addition, if2>\D then 3 is partially ramified in the four cubic fields, if D = 3 (mod 9) 
then 3 is partially split in the four cubic fields, and if D = 6 (mod 9) then 3 is totally split 
in one of the four cubic fields and inert in the three others. 

Proof. The first statements are special cases of Proposition 13.71 the behavior of 3 when 3 { D is 
classical (see [12]), and when D = 3 (mod 9) the last statement is trivial since D* = 2 (mod 3). 

For the case D = 6 (mod 9) we use Theorem 12.51 Writing out the 3-part of the theorem for the 
discriminant D, we see that 




where a = 3 if 3 { D and a = 9 if 3|L>; and if D > then 




with the same a. 



By Proposition 13.61 these formulas are equivalent to the stated formulas for |£ 3 (D)|. 



□ 



(3.11) 




E 
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where the sum ranges over the cubic fields E of discriminant —D/3, and uje(3) is equal to 2 if 3 is 
totally split in E, and — 1 if 3 is inert in E. Therefore, if 3 is totally split in 0, 1, 2, 3, or 4 of these 
fields then |£sid| is equal to —9, 0, 9, 18, or 27. Obviously we can rule out the first possibility. 
We first observe that \Cqd\ = 9, again by Theorem 12.51 By Proposition 13.61 

(3-12) \C 9D \ = 9 = \{H' m - H' {1) ), \£sid\ = \{h{ 9) - H' {3) ). 

By assumption, = 9 an d so |-ff( 3 )| = 27. Therefore, either |-ffLJ = 81 and = 27 or 

|fT( 3) | =27 and \C SW \ = 0. 

To rule out the former possibility, we again consider the exact sequence (|3.7p . with F = Q(V D*) 
replaced by Q(y/D) and r replaced by r', and take 3-Sylow subgroups and (1 + r')-invariants 
(preserving exactness). The 3-rank of (Z^^q=j^/(9)) x [1 + r] is equal to 1, and so the 3-rank of 
Cl(g)(-D) is at most 1 more than that of Cl(D). In other words, |-ff/ 9 \| < but we saw 

previously that \HL\\ = 3\H'^\, so \H'rg\\ = 3\H'n\\ an d |^8iu| = as desired. □ 

4. Proof of Theorem 12.51 

Theorem 12.51 follows from a more general result of Morra and the first author (Theorem 6.1 of [9] 
and Theorem 1.6.1 of p3]), given above as Theorem 13.21 in our case where the base field is Q. To 
each character of the groups we use class field theory and Galois theory to uniquely associate 
a cubic field E. Some arithmetic involving discriminants, as well as a comparison to our earlier 
counting formulas, proves that these fields E range over all fields in Cs(D). Finally, we apply 
Theorem 13.21 to obtain the correct Euler product for each E. 

This section borrows from the first author's work in [18j . which established a particular case of 
Theorem 12.51 for an application to Shintani zeta functions. 

4.1. Construction of the Fields E. We refer to the beginning of Section [3] for our notation and 
setup. The contribution of the trivial characters occurring in Theorem 13.21 being easy to compute 
(see below; it has also been computed in [9]), we must handle the nontrivial characters. 
We relate these characters to cubic fields by means of the following. 

Proposition 4.1. For each b G B there is a bisection between the set of pairs of nontrivial characters 
iXiX) of Gt, and the following sets of cubic fields E: 

• Ifb = (1) or {V^3), orifb = (3) and 3\D, then all E eC D *. 

• Ifb = (3^/^3), orifb = (3) and 3 \ D, then all E £ C 3 (D) = C D * U C^ 2 7D- 

Moreover, for each prime p with (— — ) = 1, write pZ^ = cr(c) as in [9], where c is not necessarily 
prime, and recall from Theorem \3. H and Lemma Vd.iA the definition of u x {p). Under our bisection, 
the following conditions are equivalent: 

• X(PC) = !• 

• The prime p splits completely in E. 

• w x (p) = 2. 

If these conditions are not satisfied then p is inert in E and u; x (p) = —1. 

Proof. Define^ G' b := C1[,(L)/C1e,(L) 3 , so that G' b is a 3-torsion group containing G^- We have a 
canonical decomposition of G' b into four eigenspaces for the actions of r and T2, and we write 

(4.1) G' b ^G b x Gl 

4 We have followed the notation of [9] where practical, but the notations G' b , G'l, E, E\ are used for the first time 
here and do not appear in [9]. 
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where G' b is the direct sum of the three eigenspaces other than G^. Note that G' b will contain 
the classes of all principal ideals generated by rational integers coprime to 3; any such class in the 
kernel of T will necessarily be in Clf,(L) 3 . 

For any nontrivial character \ of G^, let B be its kernel, which has index 3. We extend x to 
a character %' of G' b by setting x(G b ) = 1, and write B' := Ker(x') = B x G' b C G' b , so that B' 
has index 3 in G' b and is uniquely determined by b and x- By class field theory, there is a unique 
abelian extension E\/L for which the Artin map induces an isomorphism G' b /B' ~ Gal(Ei/L), and 
it must be cyclic cubic, since G' b /B' is. The uniqueness forces E\ to be Galois over Q, since the 
groups G' b and B' are preserved by r and ti and hence by all of Gal(L/Q). For each fixed b, we 
obtain a unique such field E\ for each distinct pair of characters Xi A 7 ; but we may obtain the same 
field E\ for different values of b. 

We have Gal(£i/Q) ~ S3 x C2: r and T2 G Gal(.Ei/L) both act nontrivially (elementwise) on 
G(, and preserve B, and hence act nontrivially on G^/B and G' b ,/B'. Under the Artin map this 
implies that r and T2 both act nontrivially on Gal(£i/-L) by conjugation, so that TT2 commutes 
with Gal(£i/L). As TT2 fixes Q(\/— 3~D), this implies that E\ contains a cubic extension E/Q with 
quadratic resolvent Q(\/—3D), which is unique up to isomorphism. Any prime p which splits in 
Q(s/—3D) must either be inert or totally split in E. 

We now prove that the fields E which occur in this construction are those described by the propo- 
sition. Since the quadratic resolvent of any E is Q(\/—3D) = Q(V D*) with D* fundamental, we 
have Disc(i^) = r 2 D* for some integer r divisible only by 3 and prime divisors of D* . 

No prime £ > 3 can divide r, because £ 3 cannot divide the discriminant of any cubic field. 
Similarly 2 cannot divide r, since if 2\D then A\D, but 16 cannot divide the discriminant of a cubic 
field. Therefore r must be a power of 3. Since the 3-adic valuation of a cubic field discriminant is 
never larger than 5, r must be 1, 3, or 9, and by Proposition 13.81 we cannot have r = 3 if 3 \ D* , in 
other words if 3 | D. It follows that E must have discriminant D* , —27D, or — 243D. 

We further claim that Disc(S) 7^ — 243D. To see this, we apply the formula 

(4.2) Disc(Ei) = ±msc(L) 3 M L/ Q(d(E 1 /L)) 

and bound t>3(Disc(£i)). We see that 1*3 (Disc (L)) = 2 (by direct computation, or by a formula 
similar to (I4.2p ). Moreover, the conductor of E\/L divides (3\/— 3), and therefore T)(Ei/L) divides 
(27). The norm of this ideal is 3 12 , and putting all of this together we see that ^(Disc^i)) < 18. 
We also have 

(4.3) Disc(£a) = ±Bi S c(E) i M E/ Q(d(E 1 /E)), 

so that v^(Disc(E)) < -j-, and in particular i>3(Disc(.E)) 7^ 5 as desired. 

Therefore, in all cases E must have discriminant D* or —27D. Moreover, similar comparisons of 
(14. 2p and (I4.3P show that if b G {(1), (\/~-3)}, or if b = (3) and 3\D, then E must have discriminant 
D*. 

We have therefore associated a unique E to each pair (x,x) as in the proposition, and it follows 
from Propositions 13.6 1 and 13.41 that we obtain all such E in this manner. 

Finally, we prove the second part of the proposition. The statements concerning oo x {p) and x{p c ) 
follow from Lemma 13.31 We show the equivalence of the first and second statement. 

We extend x t° a character %' of G' b as defined previously, so that x'(p) 1S defined and equal to 
1. Therefore, x(p c ) = 1 if and only if x'( c ) = 1) an d we must show that this is true if and only if p 
splits completely in E. 
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Suppose first that c is prime in Z^. By class field theory, x'( c ) = 1 if and only if c splits completely 
in Ei/L, which happens if and only if (p) splits into six ideals in E\, which happens if and only if 
p splits completely in E. 

Suppose now that c = pTT2(p) in L. Since p and TT2(p) represent the same element of G' b /B' 
they have the same Frobenius element in E±/L, hence since x' is a cubic character it follows that 
x'(c) = 1 if and only if x'(p) = 1- By class field theory this is true if and only if p splits completely 
in E%/L, in which case (p) splits into twelve ideals in E\\ for this it is necessary and sufficient that 
p split completely in E. □ 

4.2. Putting it all Together. Applying Proposition 14.11 we may regard the formula of Theorem 
13.21 as a sum over cubic fields. We now divide into cases 3 \ D and D = 3, 6 (mod 9). The main 
terms, corresponding to the trivial characters of G\,, contribute 

3 ^ 1 

2^ 



(4.4) 



beB 



wi(3)A b (s) 



2c D 



Mi (a) J] 

(=?)= 



1 + 



P 



of Equation 12.21 These terms have also been given in ^ and |13] . 
It remains to handle the contribution of the nontrivial characters. 
Assume first that 3 \ D. In this case by Theorem! 



(4.5) c D <5> D (s) 



s- 2s Yl m),x,s)-r 



2s- 



x£G ( i 



1 ^F((3), X ,s) 

xeG (3) 



+ ~ £ F((3V^),X,s)) 



xeG 



(3-/=3) 



and the calculations above show that 
(4.6) F(b, x ,s) 



n 

-3D V 
V I ' 



1 + 



pS 



where E is the cubic field associated to x- Each field E of discriminant D* contributes twice (each 
character yields the same field as its inverse) to each of the three sums above, and each field of 
discriminant —27D contributes twice to each of the last two. We obtain a contribution of l + 2-9~ s 
for each field of discriminant D* = —3D, and of 1 — 9~ s for each field of discriminant —27D. This 
is the assertion of the theorem. 

Assume now that D = 3 (mod 9). Then 



(4.7) c D $> D {s) 



3-3s/2 £ F((x /Z3 ))X)S) + (3- S _3-3 S /2) £ F((3), X ,s 

1 



5L F(<31 



3),X>«)) 



The first two sums are over fields of discriminant D* = —D/3, and the last sum also includes fields 
of discriminant —27D. We obtain a contribution of 1 + 2 • 3~ s for each field of discriminant D* , 
and of 1 — 3~ s for each field of discriminant —27D, in accordance with the theorem. 



12 HENRI COHEN AND FRANK THORNE 

Finally, assume that that D = 6 (mod 9). Then 



(4.8) c D * D {s) = \ 



3" 2s £ ^ x (3)F((l), X , S )+3- 3s / 2 £ F((>/=3) >X ,-)+ 

(3-._g-s.Z2) £ F((3)>Xjfl) + l( 1 _ 3 -.) £ F((3>/=3) >X ,-)) 

xeG {3) xeG (3V=S) 

The first three sums are over fields of discriminant D* = —D/3, and the last sum also includes 
fields of discriminant —27D. For the same reasons as discussed for p / 3 we have w x (3) = w_(3), 
where E is the cubic field associated to x- 

We thus obtain a contribution of 1 + 2 • 3~ s + 3ue(3) • 3~ 2s for each field of discriminant D*, and 
of 1 — 3 _s for each field of discriminant —27D, in accordance with the theorem. 

5. Numerical Computations 

We finish the paper by presenting some numerical examples of our main results. 
Suppose first that D < 0. 

If (rk 3 (L>), rk 3 (L>*)) = (0,0), then there are no cubic fields of discriminant D* or -27D. 

If (rk3(D), rk3(D*)) = (1, 0), there are no cubic fields of discriminant D* and a unique cubic field 
of discriminant —27D. 



<-> •-<•>= K 1 4 + £) n H)+H)n( i+ ^ 

V 7 ( 6885 ) = 1 \ f / \ 7 p V ^ 

where L6885 is the cubic field determined by x 3 — I2x — 1 = 0. 

If (rk3(D),rk3(D*)) = (1, 1), there is a unique cubic field of discriminant D* and no cubic fields 
of discriminant —27D. 



(M) ..„,(.) =i(i + ^) n (i + 1) + ( 1+ J,)n(i + 



^L32l(p) 



p 

where L321 is the field determined by x 3 — x 2 — 4x + 1. 

If (rk 3 (.D), rk 3 (D*)) = (2,1), there is a unique cubic field of discriminant D* and three cubic 
fields of discriminant —27D. 



7 ^26253 \ =1 V 1 / 

2 ^n^^j+^-^En^^)- 



+ I 1 + 3, ,2, 

' p^3 V r / \ / l<j< 3 p 

where the four fields above are defined as follows: 
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Cubic field 


Discriminant 


Defining polynomial 


L2917 


8751/3 


x A -x 2 - 13x + 20 


L236277i 


3 a • 8751 


x A - 138x + 413 


L236277 2 


3 a • 8751 


x 6 - 129x - 532 


L236277 3 


3 a • 8751 


x 6 - 90x - 171 



If (rk3(D), i^{D*)) = (2,2), there are four cubic fields of discriminant D* and none of discrim- 
inant —27D. Recall from Proposition 13,91 above that if D = 6 (mod 9), 3 is totally split in one of 
them and inert in the other three, so one of the cubic fields of discriminant D* , which we include 
first, is distinguished by the fact that 3 is totally split. 

( 5.4) * Ws > -\ (i + n (i+£)+(i+pr) eii(i+ w -^f M ) ■ 

V 7 ^ 103809 ^_ 1 \ ^ / \ / l<i<4 p V f / 



Cubic field 


Discriminant 


Defining polynomial 


L103809i 


3 • 34603 


x A -x 2 - 84x + 261 


L103809 2 


3 • 34603 


x s - x 2 - 64x + 91 


L103809 3 


3 • 34603 


x 6 -x l - 92x - 204 


L103809 4 


3 • 34603 


x 6 — x 2 — 62x - 15 



The case D > 1 is very similar, so we will only give one example. If (for example) (rh^^D), rks(Z)*)) = 
(1, 1) there is a unique cubic field of discriminant D* and three cubic fields of discriminant —27D. 

where the indicated cubic fields are given as follows: 



Cubic field 


Discriminant 


Defining polynomial 


LM107 


-321/3 


x 6 -x 2 + 3x-2 


LM8667i 


-3 3 • 321 


x 6 + 18x - 45 


LAf8667 2 


-3 3 • 321 


x 6 + 6x — 17 


LAf8667 3 


-3 3 • 321 


x d + 15x - 28 
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